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Abstract
We propose a direct measure of tripartite quantum entanglement in an arbitrary symmetric
pure state of N correlated two-level atoms (qubits). We compute the third order moments of the
collective pseudo-spin operators in terms of the individual atomic operators of the atoms in the
assembly and find that all the bipartite quantum correlation terms among the atoms cancel out
leaving only the all possible tripartite quantum correlation terms among them. We observe that the
third order moments are made up of solely the tripartite quantum correlations among the atoms.
This helps to extract out only the tripartite quantum correlations among the N atoms and propose
a measure and quantification of these correlations. We also propose the necessary and sufficient
condition for the presence of tripartite quantum entanglement in such multi-atomic systems. We
conjecture the way of determining the third order moments of the pseudo-spin operators of the
two-level atoms in the assembly, experimentally.
PACS numbers: 03.67.Mn, 42.50.Dv, 03.65.Ud
I. INTRODUCTION
Quantum entanglement in multi-particle
systems is an important topic of research over
the last two decades. A lot of work has been
done in this direction [1-25]. The works of
Wootters [27, 28], Peres [30] and Horodecki
[29], and several other researchers have given
a strong understanding of quantum entangle-
ment in bipartite states [26]. But, quantum
entanglement in multi-particle systems is yet
to be completely understood.
In this paper we consider an arbitrary
symmetric pure state of N correlated two-
level atoms (qubits) and calculate the third
order moments of the collective pseudo-spin
operators in mutually perpendicular direc-
tions in a plane perpendicular to the collec-
tive mean pseudo-spin vector. We find that
all possible bipartite correlation terms among
1
the atoms cancel out. We are left with only
the tripartite correlation terms. This helps
to extract out the tripartite correlation terms
among the N atoms and propose a measure
of tripartite quantum correlations among the
atoms.
The computation of higher order moments
and study of higher order squeezing have al-
ready been discussed in the context of degen-
erate parametric down-conversion, harmonic
generation and resonance fluoresence from an
atom in Ref. [31]. In the above mentioned
three situations the higher order moments
have been computed for the electric field op-
erators of the radiation field. In this paper
we calculate third order moments of the spin
operators for the atoms and use it to quantify
tripartite entanglement. The motivation for
the calculation of third order moments also
lies on the fact that, third order moments
solely reveal the tripartite quantum correla-
tions among the atoms.
The organization of the paper is as fol-
lows. In Sec. II we briefly describe a two-level
atom, pseudo-spin operators and moments of
the pseudo-spin operators in mutually per-
pendicular directions in a plane perpendicu-
lar to the the mean pseudo-spin vector. In
Sec. III we present the detail computation of
these moments for three two-level atoms and
quantify the amount of tripartite quantum
entanglement present in such system. In Sec.
IV we extend these ideas in the context of N
two-level atoms. In Sec. V we conjecture the
way of determining the third order moments
experimentally. In Sec. VI we present the
summary and conclusion.
II. TWO-LEVEL ATOM, PSEUDO-
SPIN OPERATORS AND THIRD OR-
DER MOMENTS
An atom has many electronic energy lev-
els, but when it interacts with an exter-
nal monochromatic electromagnetic field, the
atom makes a transition from one of its en-
ergy level to the other. In this case, we
mainly concentrate on those two energy lev-
els and hence the atom is called as a two-
level atom. We consider a system of N such
two-level atoms. Now, if among the assem-
bly of N such two-level atoms, the n-th atom
has the upper and lower energy levels, de-
noted as |un〉 and |ln〉, respectively, then,
we can construct the pseudo-spin operators
(with h¯ = 1),
Jˆnx = (1/2)
(|un〉〈ln|+ |ln〉〈un|), (1)
Jˆny = (−i/2)
(|un〉〈ln| − |ln〉〈un|), (2)
Jˆnz = (1/2)
(|un〉〈un| − |ln〉〈ln|), (3)
such that,
[Jˆnx , Jˆny ] = iJˆnz , (4)
and two more relations with cyclic changes in
x, y and z [34]. For the entire system of N
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two-level atoms, we have collective pseudo-
spin operators,
Jˆx =
N∑
i=1
Jˆix , Jˆy =
N∑
i=1
Jˆiy , Jˆz =
N∑
i=1
Jˆiz . (5)
The individual atomic operators satisfy
[
Jˆ1x , Jˆ2y
]
= 0,
[
Jˆ1x , Jˆ1y
]
= iJˆ1z ,[
Jˆ2x , Jˆ2y
]
= iJˆ2z , ... (6)
As a consequence of these commutation re-
lations, the collective pseudo-spin operators
Jˆx, Jˆy and Jˆz satisfy,
[Jˆx, Jˆy] = iJˆz (7)
and two more relations with cyclic changes in
x, y and z.
The simultaneous eigenvectors of Jˆ2 =
Jˆ2x + Jˆ
2
y + Jˆ
2
z and Jˆz are denoted as |j,m〉
where
Jˆ2|j,m〉 = j(j + 1)|j,m〉 (8)
and
Jˆz|j,m〉 = m|j,m〉. (9)
The quantum number j is related to the
number of atoms N as j = N/2 and m =
−j,−j +1, ....(j− 1), j. The collective quan-
tum state vector for a system of N two-level
atoms can be expressed as a linear superpo-
sition of |j,m〉 as
|ψj〉 =
j∑
m=−j
cm|j,m〉. (10)
In this paper we calculate the third order mo-
ments of the collective pseudo-spin operators
in two mutually perpendicular directions in
a plane perpendicular to the mean collective
pseudo-spin vector. The motivation of doing
so lies on the fact that while investigating
spin squeezing in such systems, we calculate
the second order moments
∆J2x,y = 〈ψj|Jˆ2x,y|ψj〉 − 〈ψj |Jˆx,y|ψj〉2 (11)
in a plane perpendicular to the mean spin
vector
〈Jˆ〉 = 〈Jˆx〉ˆi+ 〈Jˆy〉jˆ + 〈Jˆz〉kˆ, (12)
where iˆ, jˆ and kˆ are the unit vectors along
positive x, y and z axes respectively. This
is because only in that plane the quantum
fluctuations in Eqs. (11) bring out the orig-
inal quantum correlations among the atoms
[32, 33]. Now, the mean pseudo-spin vector
〈Jˆ〉 points in an arbitrary direction in space.
Therefore, we conventionally rotate the co-
ordinate system {x, y, z} to {x′, y′, z′}, such
that 〈Jˆ〉 points along the z′ axis and calcu-
late the second order moments in Jˆx′ and Jˆy′
for the state |ψj〉. These moments are
∆J2x′,y′ = 〈ψj |Jˆ2x′,y′ |ψj〉−〈ψj |Jˆx′,y′|ψj〉2. (13)
Now, in the x′ − y′ plane
〈ψj |Jˆx′|ψj〉 = 〈ψj |Jˆy′|ψj〉 = 0, (14)
and hence, these moments reduce to
∆J2x′,y′ = 〈ψj |Jˆ2x′,y′|ψj〉. (15)
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The third order moments are defined as
∆J3x′,y′ = 〈ψj |(Jˆx′,y′ − 〈Jˆx′,y′〉)3|ψj〉, (16)
which due to Eq. (14) reduces to
∆J3x′,y′ = 〈ψj |Jˆ3x′,y′ |ψj〉. (17)
A collective state vector |α〉 for a system of
N atoms is said to be quantum mechanically
correlated if |α〉 cannot be expressed as a
product of the individual atomic state vec-
tors, i.e.,
|α〉 6= |α1〉 ⊗ |α2〉 ⊗ ....|αN〉, (18)
where |α1〉, |α2〉...|αN〉 are the state vectors
of the N individual atoms.
We, now, proceed to calculate the third
order moments ∆J3x′,y′ for a system of three
two-level atoms and define a parameter to
quantify the amount of tripartite quantum
entanglement in such system.
III. TRIPARTITE QUANTUM EN-
TANGLEMENT IN A SYSTEM OF
THREE TWO-LEVEL ATOMS
We consider a system of three two-level
atoms. A symmetric quantum state vector
for such a system in the {m1, m2, m3} repre-
sentation can be written as
|ψ3〉 = C1
∣∣∣∣12 , 12 , 12
〉
+
C2√
3
[∣∣∣∣− 12 , 12 , 12
〉
+
∣∣∣∣12 ,−12 , 12
〉
+
∣∣∣∣12 , 12 ,−12
〉]
+
C3√
3
[∣∣∣∣− 12 ,−12 , 12
〉
+
∣∣∣∣12 ,−12 ,−12
〉
+
∣∣∣∣− 12 , 12 ,−12
〉]
+ C4
∣∣∣∣− 12 ,−12 ,−12
〉
.
(19)
The collective pseudo-spin operators, from
Eqs. (5), are
Jˆx,y,z = Jˆ1x,y,z + Jˆ2x,y,z + Jˆ3x,y,z . (20)
Now, the mean spin vector 〈Jˆ〉 points in
an arbitrary direction in space. So, assuming
that it lies in the first octant of the coordi-
nate system, we perform a rotation of the co-
ordinate system from {x, y, z} to {x′, y′, z′},
such that 〈Jˆ〉 points along the z′ axis. The
operators {Jˆx′, Jˆy′, Jˆz′} in the rotated frame
{x′, y′, z′} are related to {Jˆx, Jˆy, Jˆz} in the
unrotated frame {x, y, z} as
Jˆx′ = Jˆx cos θ cosφ+ Jˆy cos θ sinφ
− Jˆz sin θ (21)
Jˆy′ = −Jˆx sinφ+ Jˆy cosφ (22)
Jˆz′ = Jˆx sin θ cosφ+ Jˆy sin θ sin φ
+ Jˆz cos θ, (23)
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where,
cos θ =
〈Jˆz〉
|〈Jˆ〉| (24)
cos φ =
〈Jˆx〉√
〈Jˆx〉2 + 〈Jˆy〉2
. (25)
We can observe that for the above choice of
cos θ and cos φ, we have 〈Jˆx′〉 = 0, 〈Jˆy′〉 = 0,
and the mean spin vector points along the z′
axis.
To calculate the third order moment of Jˆx′
we need to calculate Jˆ3x′ . Using Eq. (21), we
obtain
Jˆ3x′ = Jˆ
3
x cos
3 θ cos3 φ + Jˆ2x Jˆy cos
3 θ sinφ cos2 φ − Jˆ2x Jˆz sin θ cos2 θ cos2 φ +
Jˆ2y Jˆx cos
3 θ sin2 φ cosφ + Jˆ3y cos
3 θ sin3 φ − Jˆ2y Jˆz sin θ cos2 θ sin2 φ + Jˆ2z Jˆx sin2 θ cos θ cosφ +
Jˆ2z Jˆy sin
2 θ cos θ sinφ − Jˆ3z sin3 θ + (JˆxJˆy + JˆyJˆx)Jˆx cos3 θ sinφ cos2 φ + (JˆxJˆy +
JˆyJˆx)Jˆy cos
3 θ sin2 φ cosφ − (JˆxJˆy + JˆyJˆx)Jˆz sin θ cos2 θ sinφ cosφ − (JˆxJˆz +
JˆzJˆx)Jˆx sin θ cos
2 θ cos2 φ − (JˆxJˆz + JˆzJˆx)Jˆy sin θ cos2 θ sin φ cosφ + (JˆxJˆz +
JˆzJˆx)Jˆz sin
2 θ cos θ cos φ − (JˆyJˆz + JˆzJˆy)Jˆx sin θ cos2 θ sinφ cosφ − (JˆyJˆz +
JˆzJˆy)Jˆy sin θ cos
2 θ sin2 φ+(JˆyJˆz+ JˆzJˆy)Jˆz sin
2 θ cos θ sinφ. 25(a)
We, now, express the above expression in
terms of the individual atomic operators
Jˆ1x,y,z , Jˆ2x,y,z , and Jˆ3x,y,z . The motivation be-
hind this is to find out how the individual
atoms are correlated with each other. For
that we use the following results.
Jˆ2nx,y,z = 1/4, Jˆ
3
nx,y,z = (1/4)Jˆnx,y,z (26)
Jˆnx Jˆny =
i
2
Jˆnz , Jˆny Jˆnz =
i
2
Jˆnx (27)
Jˆnz Jˆnx =
i
2
Jˆny (28)
Using Eqs.(26), (27), (28) and the fact that
Jˆnx , Jˆny , and Jˆnz anticommute with each
other, we evaluate all the operator parts of
Eq. (25a) separately and the results are as
shown below.
Jˆ3x =
7
4
(
Jˆ1x + Jˆ2x + Jˆ3x
)
+6Jˆ1x Jˆ2x Jˆ3x (29)
Jˆ2x Jˆy =
3
4
(
Jˆ1y + Jˆ2y + Jˆ3y
)
+ iJˆ1z Jˆ2x + iJˆ1x Jˆ2z
+ iJˆ1z Jˆ3x + iJˆ1x Jˆ3z + iJˆ2z Jˆ3x + iJˆ2x Jˆ3z +
2Jˆ1x Jˆ2x Jˆ3y + 2Jˆ1x Jˆ2y Jˆ3x + 2Jˆ1y Jˆ2x Jˆ3x
(30)
Jˆ2x Jˆz =
3
4
(
Jˆ1z + Jˆ2z + Jˆ3z
)
− iJˆ1y Jˆ2x − iJˆ1x Jˆ2y
− iJˆ1y Jˆ3x − iJˆ1x Jˆ3y − iJˆ2y Jˆ3x − iJˆ2x Jˆ3y +
2Jˆ1x Jˆ2x Jˆ3z + 2Jˆ1x Jˆ2z Jˆ3x + 2Jˆ1z Jˆ2x Jˆ3x ,
(31)
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Jˆ2y Jˆx =
3
4
(
Jˆ1x + Jˆ2x + Jˆ3x
)
− iJˆ1z Jˆ2y
− iJˆ1y Jˆ2z − iJˆ1z Jˆ3y − iJˆ1y Jˆ3z
− iJˆ2z Jˆ3y − iJˆ2y Jˆ3z + 2Jˆ1y Jˆ2y Jˆ3x
+ 2Jˆ1y Jˆ2x Jˆ3y + 2Jˆ1x Jˆ2y Jˆ3y , (32)
Jˆ3y =
7
4
(
Jˆ1y + Jˆ2y + Jˆ3y
)
+ 6Jˆ1y Jˆ2y Jˆ3y (33)
Jˆ2y Jˆz =
3
4
(
Jˆ1z + Jˆ2z + Jˆ3z
)
+ iJˆ1x Jˆ2y
+ iJˆ1y Jˆ2x + iJˆ1x Jˆ3y + iJˆ1y Jˆ3x
+ iJˆ2x Jˆ3y + iJˆ2y Jˆ3x + 2Jˆ1y Jˆ2y Jˆ3z
+ 2Jˆ1y Jˆ2z Jˆ3y + 2Jˆ1z Jˆ2y Jˆ3y , (34)
Jˆ2z Jˆx =
3
4
(
Jˆ1x + Jˆ2x + Jˆ3x
)
+ iJˆ1y Jˆ2z
+ iJˆ1y Jˆ3z + iJˆ2y Jˆ3z + iJˆ1z Jˆ2y
+ iJˆ1z Jˆ3y + iJˆ2z Jˆ3y + 2Jˆ1z Jˆ2z Jˆ3x
+ 2Jˆ1z Jˆ2x Jˆ3z + 2Jˆ1x Jˆ2z Jˆ3z , (35)
Jˆ2z Jˆy =
3
4
(
Jˆ1y + Jˆ2y + Jˆ3y
)
− iJˆ1x Jˆ2z
− iJˆ1x Jˆ3z − iJˆ1z Jˆ2x − iJˆ1z Jˆ3x
− iJˆ2x Jˆ3z − iJˆ2z Jˆ3x + 2Jˆ1y Jˆ2z Jˆ3z
+ 2Jˆ1z Jˆ2z Jˆ3y + 2Jˆ1z Jˆ2y Jˆ3z , (36)
Jˆ3z =
7
4
(
Jˆ1z + Jˆ2z + Jˆ3z
)
+ 6Jˆ1z Jˆ2z Jˆ3z (37)
JˆxJˆyJˆx =
1
4
(
Jˆ1y + Jˆ2y + Jˆ3y
)
+ 2Jˆ1x Jˆ2y Jˆ3x
+ 2Jˆ1x Jˆ2x Jˆ3y + 2Jˆ1y Jˆ2x Jˆ3x (38)
JˆyJˆ
2
x =
3
4
(
Jˆ1y + Jˆ2y + Jˆ3y
)
− iJˆ1z Jˆ2x
− iJˆ1z Jˆ3x − iJˆ1x Jˆ2z − iJˆ1x Jˆ3z
− iJˆ2z Jˆ3x − iJˆ2x Jˆ3z + 2Jˆ1y Jˆ2x Jˆ3x
+ 2Jˆ1x Jˆ2y Jˆ3x + 2Jˆ1x Jˆ2x Jˆ3y , (39)
JˆxJˆ
2
y =
3
4
(
Jˆ1x + Jˆ2x + Jˆ3x
)
+ iJˆ1z Jˆ2y
+ iJˆ1z Jˆ3y + iJˆ1y Jˆ2z + iJˆ1y Jˆ3z
+ iJˆ2z Jˆ3y + iJˆ2y Jˆ3z + 2Jˆ1x Jˆ2y Jˆ3y
+ 2Jˆ1y Jˆ2x Jˆ3y + 2Jˆ1y Jˆ2y Jˆ3x , (40)
JˆyJˆxJˆy =
1
4
(
Jˆ1x + Jˆ2x + Jˆ3x
)
+ 2Jˆ1y Jˆ2x Jˆ3y
+ 2Jˆ1y Jˆ2y Jˆ3x + 2Jˆ1x Jˆ2y Jˆ3y (41)
JˆxJˆyJˆz = i
3
8
+ iJˆ1z Jˆ2z + iJˆ1z Jˆ3z − iJˆ1y Jˆ2y
+ iJˆ1x Jˆ2x − iJˆ1y Jˆ3y + iJˆ1x Jˆ3x
+ iJˆ2z Jˆ3z − iJˆ2y Jˆ3y + iJˆ2x Jˆ3x
+ Jˆ1x Jˆ2y Jˆ3z + Jˆ1x Jˆ2z Jˆ3y + Jˆ1y Jˆ2x Jˆ3z
+ Jˆ1z Jˆ2x Jˆ3y + Jˆ1y Jˆ2z Jˆ3x + Jˆ1z Jˆ2y Jˆ3x ,
(42)
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JˆyJˆxJˆz = −i3
8
− iJˆ1z Jˆ2z − iJˆ1z Jˆ3z + iJˆ1x Jˆ2x
− iJˆ1y Jˆ2y − iJˆ1y Jˆ3y + iJˆ1x Jˆ3x
− iJˆ2z Jˆ3z − iJˆ2y Jˆ3y + iJˆ2x Jˆ3x
+ Jˆ1y Jˆ2x Jˆ3z + Jˆ1y Jˆ2z Jˆ3x + Jˆ1x Jˆ2y Jˆ3z
+ Jˆ1z Jˆ2y Jˆ3x + Jˆ1x Jˆ2z Jˆ3y + Jˆ1z Jˆ2x Jˆ3y ,
(43)
JˆxJˆzJˆx =
1
4
(
Jˆ1z + Jˆ2z + Jˆ3z
)
+ 2Jˆ1x Jˆ2z Jˆ3x
+ 2Jˆ1x Jˆ2x Jˆ3z + 2Jˆ1z Jˆ2x Jˆ3x (44)
JˆzJˆ
2
x =
3
4
(
Jˆ1z + Jˆ2z + Jˆ3z
)
+ iJˆ1y Jˆ2x
+ iJˆ1y Jˆ3x + iJˆ1x Jˆ2y + iJˆ2y Jˆ3x
+ iJˆ1x Jˆ3y + iJˆ2x Jˆ3y + 2Jˆ1x Jˆ2z Jˆ3x
+ 2Jˆ1x Jˆ2x Jˆ3z + 2Jˆ1z Jˆ2x Jˆ3x , (45)
JˆxJˆzJˆy = −i3
8
− iJˆ1y Jˆ2y − iJˆ1y Jˆ3y + iJˆ1z Jˆ2z
− iJˆ1x Jˆ2x + iJˆ1z Jˆ3z − iJˆ1x Jˆ3x
− iJˆ2y Jˆ3y + iJˆ2z Jˆ3z − iJˆ2x Jˆ3x
+ Jˆ1x Jˆ2z Jˆ3y + Jˆ1x Jˆ2y Jˆ3z + Jˆ1z Jˆ2x Jˆ3y
+ Jˆ1y Jˆ2x Jˆ3z + Jˆ1z Jˆ2y Jˆ3x + Jˆ1y Jˆ2z Jˆ3x ,
(46)
JˆzJˆxJˆy = i
3
8
+ iJˆ1y Jˆ2y + iJˆ1y Jˆ3y − iJˆ1x Jˆ2x
+ iJˆ1z Jˆ2z − iJˆ1x Jˆ3x + iJˆ1z Jˆ3z
+ iJˆ2y Jˆ3y − iJˆ2x Jˆ3x + iJˆ2z Jˆ3z + Jˆ1z Jˆ2x Jˆ3y
+ Jˆ1z Jˆ2y Jˆ3x + Jˆ1x Jˆ2z Jˆ3y + Jˆ1y Jˆ2z Jˆ3x
+ Jˆ1x Jˆ2y Jˆ3z + Jˆ1y Jˆ2x Jˆ3z , (47)
JˆxJˆ
2
z =
3
4
(
Jˆ1x + Jˆ2x + Jˆ3x
)
− iJˆ1y Jˆ2z
− iJˆ1y Jˆ3z − iJˆ1z Jˆ2y − iJˆ2y Jˆ3z − iJˆ1z Jˆ3y
− iJˆ2z Jˆ3y + 2Jˆ1x Jˆ2z Jˆ3z + 2Jˆ1z Jˆ2x Jˆ3z
+ 2Jˆ1z Jˆ2z Jˆ3x , (48)
JˆzJˆxJˆz =
1
4
(
Jˆ1x + Jˆ2x + Jˆ3x
)
+ 2Jˆ1z Jˆ2x Jˆ3z
+ 2Jˆ1z Jˆ2z Jˆ3x + 2Jˆ1x Jˆ2z Jˆ3z (49)
JˆyJˆzJˆx = i
3
8
+ iJˆ1x Jˆ2x + iJˆ1x Jˆ3x − iJˆ1z Jˆ2z
+ iJˆ1y Jˆ2y − iJˆ1z Jˆ3z + iJˆ1y Jˆ3y
+ iJˆ2x Jˆ3x − iJˆ2z Jˆ3z + iJˆ2y Jˆ3y + Jˆ1y Jˆ2z Jˆ3x
+ Jˆ1y Jˆ2x Jˆ3z + Jˆ1z Jˆ2y Jˆ3x + Jˆ1x Jˆ2y Jˆ3z
+ Jˆ1z Jˆ2x Jˆ3y + Jˆ1x Jˆ2z Jˆ3y , (50)
JˆzJˆyJˆx = −i3
8
− iJˆ1x Jˆ2x − iJˆ1x Jˆ3x + iJˆ1y Jˆ2y
− iJˆ1z Jˆ2z + iJˆ1y Jˆ3y − iJˆ1z Jˆ3z − iJˆ2x Jˆ3x
+ iJˆ2y Jˆ3y − iJˆ2z Jˆ3z + Jˆ1z Jˆ2y Jˆ3x
+ Jˆ1z Jˆ2x Jˆ3y + Jˆ1y Jˆ2z Jˆ3x + Jˆ1x Jˆ2z Jˆ3y
+ Jˆ1y Jˆ2x Jˆ3z + Jˆ1x Jˆ2y Jˆ3z , (51)
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JˆyJˆzJˆy =
1
4
(
Jˆ1z + Jˆ2z + Jˆ3z
)
+ 2Jˆ1y Jˆ2z Jˆ3y
+ 2Jˆ1y Jˆ2y Jˆ3z + 2Jˆ1z Jˆ2y Jˆ3y (52)
JˆzJˆ
2
y =
3
4
(
Jˆ1z + Jˆ2z + Jˆ3z
)
− iJˆ1x Jˆ2y
− iJˆ1x Jˆ3y − iJˆ1y Jˆ2x − iJˆ2x Jˆ3y
− iJˆ1y Jˆ3x − iJˆ2y Jˆ3x + 2Jˆ1z Jˆ2y Jˆ3y
+ 2Jˆ1y Jˆ2z Jˆ3y + 2Jˆ1y Jˆ2y Jˆ3z , (53)
JˆyJˆ
2
z =
3
4
(
Jˆ1y + Jˆ2y + Jˆ3y
)
+ iJˆ1x Jˆ2z
+ iJˆ1x Jˆ3z + iJˆ1z Jˆ2x + iJˆ2x Jˆ3z
+ iJˆ1z Jˆ3x + iJˆ2z Jˆ3x + 2Jˆ1y Jˆ2z Jˆ3z
+ 2Jˆ1z Jˆ2y Jˆ3z + 2Jˆ1z Jˆ2z Jˆ3y , (54)
JˆzJˆyJˆz =
1
4
(
Jˆ1y + Jˆ2y + Jˆ3y
)
+ 2Jˆ1z Jˆ2y Jˆ3z
+ 2Jˆ1z Jˆ2z Jˆ3y + 2Jˆ1y Jˆ2z Jˆ3z (55)
We see from the above results that, the
operators in Eq. (25a) are made up of indi-
vidual atomic operators, bipartite correlation
terms and tripartite correlation terms. Using
Eqs. (29-55) in Eq. (25a), we see that all
the bipartite correlation terms cancel and we
are left with only the individual atomic op-
erators and tripartite correlation terms. The
final expression of Eq. (25a) reduces to
Jˆ3x′ =
7
4
(
Jˆ1x′ + Jˆ2x′ + Jˆ3x′
)
+
∑
3
p,q,r=1
p 6=q 6=r
(
Jˆpx JˆqxJˆrx cos
3 θ cos3 φ + Jˆpy Jˆqy Jˆry cos
3 θ sin3 φ −
Jˆpz Jˆqz Jˆrz sin
3 θ − 6Jˆpx Jˆqy Jˆrz sin θ cos2 θ sinφ cosφ + 3JˆpxJˆqx Jˆry cos3 θ sinφ cos2 φ −
3JˆpxJˆqx Jˆrz sin θ cos
2 θ cos2 φ + 3JˆpxJˆqy Jˆry cos
3 θ sin2 φ cosφ − 3Jˆpy Jˆqy Jˆrz sin θ cos2 θ sin2 φ +
3JˆpxJˆqz Jˆrz sin
2 θ cos θ cosφ+3Jˆpy Jˆqz Jˆrz sin
2 θ cos θ sinφ
)
. (55a)
The first term on the right hand side is 7
4
Jˆx′
whose expectation value over |ψ3〉 in this co-
ordinate frame, that is, (x′, y′, z′) is zero.
Therefore, we observe that the third order
moment ∆J3x′ = 〈Jˆ3x′〉 is made up of only the
tripartite correlation terms. Therefore, we
write
∆J3x′ = 〈Jˆ3x′〉 =
∑
3
p,q,r=1
p 6=q 6=r
(
〈JˆpxJˆqx Jˆrx〉 cos3 θ cos3 φ +
〈Jˆpy Jˆqy Jˆry〉 cos3 θ sin3 φ − 〈Jˆpz Jˆqz Jˆrz〉 sin3 θ − 6〈JˆpxJˆqy Jˆrz〉 sin θ cos2 θ sinφ cosφ +
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3〈JˆpxJˆqx Jˆry〉 cos3 θ sinφ cos2 φ − 3〈JˆpxJˆqx Jˆrz〉 sin θ cos2 θ cos2 φ +
3〈JˆpxJˆqy Jˆry〉 cos3 θ sin2 φ cosφ−3〈Jˆpy Jˆqy Jˆrz〉 sin θ cos2 θ sin2 φ+3〈JˆpxJˆqz Jˆrz〉 sin2 θ cos θ cosφ+
3〈Jˆpy Jˆqz Jˆrz〉 sin2 θ cos θ sinφ
)
. (55b)
Now, using the expressions of cos θ, cosφ and
sin θ and, sinφ obtained from Eqs. (24) and
(25), Eq. (55b) takes the form
∆J3x′ =
1
|〈Jˆ〉|
[
〈Jˆx〉2+〈Jˆy〉2
]3/2 ∑3p,q,r=1
p 6=q 6=r
(
〈JˆpxJˆqxJˆrx〉〈Jˆz〉3〈Jˆx〉3 + 〈Jˆpy Jˆqy Jˆry〉 〈Jˆz〉3〈Jˆy〉3 −
〈Jˆpz Jˆqz Jˆrz〉
[〈Jˆx〉6 + 〈Jˆy〉6 + 3〈Jˆx〉4〈Jˆy〉2 + 3〈Jˆx〉2〈Jˆy〉4] − 6〈JˆpxJˆqy Jˆrz〉[〈Jˆx〉2 +
〈Jˆy〉2
]〈Jˆz〉2〈Jˆx〉〈Jˆy〉 + 3〈JˆpxJˆqx Jˆry〉〈Jˆz〉3〈Jˆx〉2〈Jˆy〉 − 3〈JˆpxJˆqx Jˆrz〉[〈Jˆx〉2 +
〈Jˆy〉2
]〈Jˆx〉2〈Jˆz〉2 + 3〈JˆpxJˆqy Jˆry〉〈Jˆz〉3〈Jˆx〉〈Jˆy〉2 − 3〈Jˆpy Jˆqy Jˆrz〉[〈Jˆx〉2 + 〈Jˆy〉2]〈Jˆy〉2〈Jˆz〉2 +
3〈JˆpxJˆqz Jˆrz〉〈Jˆx〉〈Jˆz〉
[〈Jˆx〉4 + 〈Jˆy〉4 + 2〈Jˆx〉2〈Jˆy〉2] + 3〈Jˆpy Jˆqz Jˆrz〉〈Jˆy〉〈Jˆz〉[〈Jˆx〉4 + 〈Jˆy〉4 +
2〈Jˆx〉2〈Jˆy〉2
])
. (55c)
The terms 〈JˆpxJˆqx Jˆrx〉,
〈Jˆpy Jˆqy Jˆry〉,......〈Jˆpy Jˆqz Jˆrz〉 in the above
equation are the tripartite correlation terms.
Similarly, we can calculate the third order
moment of Jy′ . Using Eq. (22), (24), (25),
(26), (27), (28) and the fact that Jˆnx, Jˆny , and
Jˆnz anticommute with each other, we obtain
the third order moment in Jy′ as
∆J3y′ =
1[〈Jˆx〉2 + 〈Jˆy〉2]3/2
3∑
p,q,r=1
p 6=q 6=r(
− 〈JˆpxJˆqx Jˆrx〉〈Jˆy〉3 + 〈Jˆpy Jˆqy Jˆry〉
× 〈Jˆx〉3 + 3〈JˆpxJˆqxJˆry〉〈Jˆx〉〈Jˆy〉2
− 3〈JˆpxJˆqy Jˆry〉〈Jˆx〉2〈Jˆy〉
)
(56)
While calculating ∆J3y′ , we find that all the
bipartite correlation terms cancel out and
it is solely made up of tripartite correlation
terms like the previous case.
Since the quantum state vector in Eq. (19)
is a symmetric state where all the atoms have
been treated on equal footing, then, we have
〈Jˆ1x〉 = 〈Jˆ2x〉 = 〈Jˆ3x〉 (57)
〈Jˆ1y〉 = 〈Jˆ2y〉 = 〈Jˆ3y〉 (58)
〈Jˆ1z〉 = 〈Jˆ2z〉 = 〈Jˆ3z〉. (59)
In this case, using Eqs. (57), (58) and, (59) in
Eq. (55c) and (56), the third order moments
of Jˆx′ and Jˆy′, reduce to
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∆J3x′ =
1
|〈Jˆ1〉|
[
〈Jˆ1x 〉
2+〈Jˆ1y 〉
2
]3/2 ∑3p,q,r=1
p 6=q 6=r
(
〈JˆpxJˆqxJˆrx〉〈Jˆ1z〉3〈Jˆ1x〉3 +
〈Jˆpy Jˆqy Jˆry〉 〈Jˆ1z〉3〈Jˆ1y〉3 − 〈Jˆpz Jˆqz Jˆrz〉
[〈Jˆ1x〉6 + 〈Jˆ1y〉6 + 3〈Jˆ1x〉4〈Jˆ1y〉2 + 3〈Jˆ1x〉2〈Jˆ1y〉4] −
6〈JˆpxJˆqy Jˆrz〉
[〈Jˆ1x〉2 + 〈Jˆ1y〉2]〈Jˆ1z〉2〈Jˆ1x〉〈Jˆ1y〉 + 3〈JˆpxJˆqx Jˆry〉〈Jˆ1z〉3〈Jˆ1x〉2〈Jˆ1y〉 −
3〈JˆpxJˆqx Jˆrz〉
[〈Jˆ1x〉2 + 〈Jˆ1y〉2]〈Jˆ1x〉2〈Jˆ1z〉2 + 3〈JˆpxJˆqy Jˆry〉〈Jˆ1z〉3〈Jˆ1x〉〈Jˆ1y〉2 −
3〈Jˆpy Jˆqy Jˆrz〉
[〈Jˆ1x〉2 + 〈Jˆ1y〉2]〈Jˆ1y〉2〈Jˆ1z〉2 + 3〈JˆpxJˆqz Jˆrz〉〈Jˆ1x〉〈Jˆ1z〉[〈Jˆ1x〉4 +
〈Jˆ1y〉4 + 2〈Jˆ1x〉2〈Jˆ1y〉2
]
+ 3〈Jˆpy Jˆqz Jˆrz〉〈Jˆ1y〉〈Jˆ1z〉
[〈Jˆ1x〉4 + 〈Jˆ1y〉4 +
2〈Jˆ1x〉2〈Jˆ1y〉2
])
. (59a)
and
∆J3y′ =
1[〈Jˆ1x〉2 + 〈Jˆ1y〉2]3/2
3∑
p,q,r=1
p 6=q 6=r(
− 〈JˆpxJˆqx Jˆrx〉〈Jˆ1y〉3 + 〈Jˆpy Jˆqy Jˆry〉
× 〈Jˆ1x〉3 + 3〈JˆpxJˆqx Jˆry〉〈Jˆ1x〉〈Jˆ1y〉2
− 3〈JˆpxJˆqy Jˆry〉〈Jˆ1x〉2〈Jˆ1y〉
)
(60)
respectively. Now, if the three atoms are un-
correlated, then
〈JˆpxJˆqx Jˆrx〉 = 〈Jˆpx〉〈Jˆqx〉〈Jˆrx〉 (61)
〈Jˆpy Jˆqy Jˆry〉 = 〈Jˆpy〉〈Jˆqy〉〈Jˆry〉 (62)
〈Jˆpz Jˆqz Jˆrz〉 = 〈Jˆpz〉〈Jˆqz〉〈Jˆrz〉 (63)
〈JˆpxJˆqy Jˆrz〉 = 〈Jˆpx〉〈Jˆqy〉〈Jˆrz〉 (64)
〈Jˆpx JˆqxJˆry〉 = 〈Jˆpx〉〈Jˆqx〉〈Jˆry〉 (65)
〈JˆpxJˆqx Jˆrz〉 = 〈Jˆpx〉〈Jˆqx〉〈Jˆrz〉 (66)
〈JˆpxJˆqy Jˆry〉 = 〈Jˆpx〉〈Jˆqy〉〈Jˆry〉 (67)
〈Jˆpy Jˆqy Jˆrz〉 = 〈Jˆpy〉〈Jˆqy〉〈Jˆrz〉 (68)
〈Jˆpx Jˆqz Jˆrz〉 = 〈Jˆpx〉〈Jˆqz〉〈Jˆrz〉 (69)
〈Jˆpy Jˆqz Jˆrz〉 = 〈Jˆpy〉〈Jˆqz〉〈Jˆrz〉 (70)
Using Eqs. (61-70) and Eqs. (57-59) in Eqs.
(59a) and (60), we observe that all the cor-
relation terms on the right hand side of Eqs.
(59a) and (60) vanish. This confirms that
the third order moments of Jˆx′ and Jˆy′ are
the direct measures of tripartite correlations
among the atoms.
So, now, we construct a parameter that
quantifies the amount of tripartite correla-
tions in this system of three two-level atoms.
Since ∆J3x′ and ∆J
3
y′ may be both positive or
negative, and, to treat the tripartite correla-
tions in both x′ and y′ quadratures on equal
footing, we define the tripartite quantum
entanglement parameter as the root mean
squared value of ∆J3x′ and ∆J
3
y′ as
S =
1
2
[(
∆J3x′
)2
+
(
∆J3y′
)2]1/2
. (71)
Since, ∆J3x′ and ∆J
3
y′ are solely made up of
tripartite quantum correlations only, we may
take the numerical value of S as a measure of
the amount of tripartite quantum entangle-
ment present in the system. Whenever
S = 0, (72)
there is no tripartite quantum entanglement
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in the system.
The necessary and sufficient condition for
the presence of tripartite quantum entangle-
ment in the system is that,
S > 0. (73)
We prove it in this way. Whenever there is
tripartite quantum entanglement in the sys-
tem, the conditions in Eqs. (61) to (70) are
not satisfied. This makes ∆J3x′ and ∆J
3
y′ non-
zero, implying that S > 0. So, S > 0 is the
necessary condition for the presence of tri-
partite quantum entanglement in the system.
The condition S > 0 is sufficient also for the
presence of tripartite quantum entanglement
in the system, because, if S > 0, either ∆J3x′
or ∆J3y′ or both of them are non-zero. In this
case all the conditions in Eqs. (61) to (70)
are not satisfied and hence, there is tripartite
quantum entanglement in the system.
We now proceed to extend these ideas for
a system of N two-level atoms.
IV. TRIPARTITE QUANTUM EN-
TANGLEMENT IN A SYSTEM OF N
TWO-LEVEL ATOMS
We consider N two-level atoms in an
arbitrary symmetric pure state. The
quantum state vector for this system in
m1, m2, m3, .....mN representation is
|ΨN〉 = G1
∣∣∣∣12 , 12 , ....12
〉
+
G2√
NC1
[∣∣∣∣− 12 , 12 ,
1
2
, ....
1
2
〉
+
∣∣∣∣12 ,−12 , 12 , ....12
〉
+ ....
∣∣∣∣12 , 12 , 12 , ....− 12
〉]
+
G3√
NC2
[∣∣∣∣− 12 ,−12 , 12 , ....12
〉
+
∣∣∣∣− 12 , 12 ,−12 , ....12
〉
+ ....
∣∣∣∣12 , 12
, ....− 1
2
,−1
2
〉]
+ ............
GN+1
∣∣∣∣− 12 ,−12 ,−12 , ....− 12
〉
, (74)
where G1, G2, ..., GN+1 are constants and
NCr is given as
NCr =
N !
r!(N − r)! . (75)
The third order moments in Jˆx′ and Jˆy′ for
this state can be written in analogy to Eqs.
(55c) and (56) as
∆J3x′ =
1
|〈Jˆ〉|
[
〈Jˆx〉2+〈Jˆy〉2
]3/2 ∑Np,q,r=1
p 6=q 6=r
(
〈JˆpxJˆqxJˆrx〉〈Jˆz〉3〈Jˆx〉3 + 〈Jˆpy Jˆqy Jˆry〉 〈Jˆz〉3〈Jˆy〉3 −
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〈Jˆpz Jˆqz Jˆrz〉
[〈Jˆx〉6 + 〈Jˆy〉6 + 3〈Jˆx〉4〈Jˆy〉2 + 3〈Jˆx〉2〈Jˆy〉4] − 6〈JˆpxJˆqy Jˆrz〉[〈Jˆx〉2 +
〈Jˆy〉2
]〈Jˆz〉2〈Jˆx〉〈Jˆy〉 + 3〈JˆpxJˆqx Jˆry〉〈Jˆz〉3〈Jˆx〉2〈Jˆy〉 − 3〈JˆpxJˆqx Jˆrz〉[〈Jˆx〉2 +
〈Jˆy〉2
]〈Jˆx〉2〈Jˆz〉2 + 3〈JˆpxJˆqy Jˆry〉〈Jˆz〉3〈Jˆx〉〈Jˆy〉2 − 3〈Jˆpy Jˆqy Jˆrz〉[〈Jˆx〉2 + 〈Jˆy〉2]〈Jˆy〉2〈Jˆz〉2 +
3〈JˆpxJˆqz Jˆrz〉〈Jˆx〉〈Jˆz〉
[〈Jˆx〉4 + 〈Jˆy〉4 + 2〈Jˆx〉2〈Jˆy〉2] + 3〈Jˆpy Jˆqz Jˆrz〉〈Jˆy〉〈Jˆz〉[〈Jˆx〉4 + 〈Jˆy〉4 +
2〈Jˆx〉2〈Jˆy〉2
])
. (75a)
and
∆J3y′ =
1[〈Jˆx〉2 + 〈Jˆy〉2]3/2
N∑
p,q,r=1
p 6=q 6=r(
− 〈JˆpxJˆqx Jˆrx〉〈Jˆy〉3 + 〈Jˆpy Jˆqy Jˆry〉
× 〈Jˆx〉3 + 3〈JˆpxJˆqxJˆry〉〈Jˆx〉〈Jˆy〉2
− 3〈JˆpxJˆqy Jˆry〉〈Jˆx〉2〈Jˆy〉
)
(76)
respectively, where the upper index 2 in the
summations in Eqs (55c) and (56) has been
replaced by N .
Since |ΨN〉 is symmetric under the ex-
change of any two atoms and all the atoms
have been treated on equal footing, we have
for the state |ΨN〉,
〈Jˆ1x〉 = 〈Jˆ2x〉 = ...... = 〈JˆNx〉 (77)
〈Jˆ1y〉 = 〈Jˆ2y〉 = ...... = 〈JˆNy〉 (78)
〈Jˆ1z〉 = 〈Jˆ2z〉 = ...... = 〈JˆNz〉. (79)
Therefore, using Eqs. (77), (78) and, (79)
in Eqs. (75a) and (76), we get
∆J3x′ =
1
|〈Jˆ1〉|
[
〈Jˆ1x 〉
2+〈Jˆ1y 〉
2
]3/2 ∑Np,q,r=1
p 6=q 6=r
(
〈JˆpxJˆqxJˆrx〉〈Jˆ1z〉3〈Jˆ1x〉3 +
〈Jˆpy Jˆqy Jˆry〉 〈Jˆ1z〉3〈Jˆ1y〉3 − 〈Jˆpz Jˆqz Jˆrz〉
[〈Jˆ1x〉6 + 〈Jˆ1y〉6 + 3〈Jˆ1x〉4〈Jˆ1y〉2 + 3〈Jˆ1x〉2〈Jˆ1y〉4] −
6〈JˆpxJˆqy Jˆrz〉
[〈Jˆ1x〉2 + 〈Jˆ1y〉2]〈Jˆ1z〉2〈Jˆ1x〉〈Jˆ1y〉 + 3〈JˆpxJˆqx Jˆry〉〈Jˆ1z〉3〈Jˆ1x〉2〈Jˆ1y〉 −
3〈JˆpxJˆqx Jˆrz〉
[〈Jˆ1x〉2 + 〈Jˆ1y〉2]〈Jˆ1x〉2〈Jˆ1z〉2 + 3〈JˆpxJˆqy Jˆry〉〈Jˆ1z〉3〈Jˆ1x〉〈Jˆ1y〉2 −
3〈Jˆpy Jˆqy Jˆrz〉
[〈Jˆ1x〉2 + 〈Jˆ1y〉2]〈Jˆ1y〉2〈Jˆ1z〉2 + 3〈JˆpxJˆqz Jˆrz〉〈Jˆ1x〉〈Jˆ1z〉[〈Jˆ1x〉4 +
〈Jˆ1y〉4 + 2〈Jˆ1x〉2〈Jˆ1y〉2
]
+ 3〈Jˆpy Jˆqz Jˆrz〉〈Jˆ1y〉〈Jˆ1z〉
[〈Jˆ1x〉4 + 〈Jˆ1y〉4 +
2〈Jˆ1x〉2〈Jˆ1y〉2
])
. (79a)
and,
∆J3y′ =
1[〈Jˆ1x〉2 + 〈Jˆ1y〉2]3/2
N∑
p,q,r=1
p 6=q 6=r(
− 〈JˆpxJˆqx Jˆrx〉〈Jˆ1y〉3 + 〈Jˆpy Jˆqy Jˆry〉
× 〈Jˆ1x〉3 + 3〈JˆpxJˆqx Jˆry〉〈Jˆ1x〉〈Jˆ1y〉2
− 3〈JˆpxJˆqy Jˆry〉〈Jˆ1x〉2〈Jˆ1y〉
)
(80)
Now, if all the N atoms are uncorrelated,
then, the conditions of Eqs. (61) to (70) are
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satisfied, and, we get
∆J3x′ = ∆J
3
y′ = 0. (81)
Thus, for the system of N two-level atoms
(qubits), we observe that the third order mo-
ments of Jˆx′ and Jˆy′ are directly related to
the all possible tripartite correlations among
the atoms.
In this case also, we define the measure of
tripartite quantum entanglement among the
atoms as the root mean squared value of ∆J3x′
and ∆J3y′ as
S =
1
2
[(
∆J3x′
)2
+
(
∆J3y′
)2]1/2
. (82)
Like our previous case the necessary and suf-
ficient condition for the presence of tripartite
quantum entanglement in this system of N
two-level atoms is
S > 0. (83)
V. CONJECTURE FOR DETERMIN-
ING THIRD ORDER MOMENTS BY
EXPERIMENTAL TECHNIQUE
Computation of higher order moments
and study of higher order squeezing has been
described in Ref. [31] in the context of degen-
erate parametric down-conversion, harmonic
generation and resonance fluoresence from an
atom. In the above mentioned three situ-
ations the higher order moments have been
computed for the electric field operators of
the radiation field. Now, as far as we know,
moments higer than second order of angular
momentum or pseudo-spin operators for two-
level atoms have not been determined exper-
imentally yet. Below we describe the area of
experiment where the third order moments of
the angular momentum or pseudo-spin oper-
ators of two-level atoms can be determined.
In Ref. [32], Wineland et. al de-
scribed population spectroscopy of N two-
level atoms. They localize an ensemble of N
identical two-level atoms in a trap. They de-
note the upper and lower energy levels of the
atom as | + 1
2
〉 and | − 1
2
〉 respectively. They
apply a classical radiation called the clock ra-
diation of frequency ω to the atoms. As a
result an atom acquires a coherent superpo-
sition state C1| + 12〉 + C2| − 12〉. Then they
detect the number of atoms in | + 1
2
〉 state,
which they denote as N+. In the detection
process each atom is projected either in state
| + 1
2
〉 or | − 1
2
〉. So, there occurs a projec-
tion noise of the atoms. Due to the analogy
between an individual two-level system inter-
acting with radiation with that of the dynam-
ics of a spin-half particle in a magnetic field
[35], the quantum projection noise is propor-
tional to ∆Jz =
√
〈Jˆ2z 〉 − 〈Jˆz〉2, where Jˆz is
the collective angular momentum operator of
N atoms, which we call as the pseudo-spin
operator in Eq. (5) in our paper. By mak-
ing measurements of the population in |+ 1
2
〉
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state M times the average (N+)M is calcu-
lated for various values of ω, Consequently, a
resonance curve is obtained as a function of
ω. For a particular value of ω, the deviation
of the apparent position of the curve from the
true curve 〈N+〉 is given by
δωM = [(N+)M − 〈N+〉]/(∂〈N+〉/∂ω). (84)
The magnitude of the rms fluctuation of δω
for repeated measurements of N+ at a partic-
ular value of ω is given by
|∆ω| = ∆N+(tf )/|∂〈N+〉/∂ω|
= ∆Jz(tf)/|∂〈Jz(tf )∂ω|, (85)
where tf is the ”final” time corresponding
to the time just after the clock radiation
is applied. Then they describe population
spectroscopy using Ramsey method. In Sec.
V of that paper, where they describe spec-
troscopy of correlated particles, they discuss
spin squeezing, thereby calculating the vari-
ance ∆J⊥ in a plane perpendicular to the
mean spin vector 〈Jˆ〉. So they have deter-
mined the second order moments of the angu-
lar momentum or pseudo-spin operators Jˆx,
Jˆy, and Jˆz experimentally. Now, to calculate
higher order squeezing one needs to calculate
higher order moments. Also to calculate the
skewness of the resonance curve of Sec. V of
that paper one needs to calculate the third
order moments of the angular momentum or
pseudo-spin operators. Here we conjecture
that with the same experimental technique
as described in the paper of Wineland et. al
[32] the third order moments in the angular
momentum or pseudo-spin operators can be
determined, and as proposed by us we can
calculate the amount of tripartite quantum
entanglement present in the system.
VI. SUMMARY AND CONCLUSION
We proposed a measure of tripartite quan-
tum entanglement present in an arbitrary
symmetric pure state of N two-level atoms.
We calculated the third order moments of the
collective pseudo-spin operators in mutually
orthogonal directions in a plane perpendic-
ular to the mean pseudo-spin vector opera-
tor 〈Jˆ〉. We calculated the third order mo-
ments in terms of the individual atomic op-
erators. We found that in the expressions
of third order moments all the bipartite cor-
relation terms cancel out. These moments
depend solely on the tripartite quantum cor-
relation terms among the atoms. This helped
to construct a measure of tripartite quantum
correlations present among the atoms. Since,
the two third order moments ∆J3x′ and ∆J
3
y′
may be positive or negative, and, also to treat
the two moments on equal footing, we defined
the measure of tripartite quantum entangle-
ment as the root mean squared value of the
two moments. We also established the neces-
14
sary and sufficient condition for the presence
of tripartite quantum entanglement in such
multi-atomic systems. We conjecture the ex-
periment where the third order moments of
the angular momentum or pseudo-spin oper-
ators can be determined.
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